Some Non-split Extensions of the Orthogonal Group Ω(7,3)  by Kitazume, Masaaki
Ž .Journal of Algebra 224, 59]76 2000
doi:10.1006rjabr.1999.8084, available online at http:rrwww.idealibrary.com on
Some Non-split Extensions of the
Ž .Orthogonal Group V 7, 3
Masaaki Kitazume*
Department of Mathematics and Informatics, Faculty of Science, Chiba Uni¤ersity,
Yayoi-cho Inage-ku, Chiba 263-8522, Japan
Communicated by Walter Feit
Received April 2, 1999
7 Ž .We will give an explicit construction of the non-split extension 3 ? V 7, 3 : 2,
which is a maximal subgroup of Fischer's largest 3-transposition group F . In the24
proof of non-splitness, we use some Moufang loop of order 81. By using this loop,
Ž .we can also construct another non-split extension 3 ? V 7, 3 : 2. Q 2000 Academic
Press
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INTRODUCTION
In this article we will construct two kinds of non-split extensions of the
Ž .orthogonal group V 7, 3 by using some Moufang loop of order 81, which
w xhas been introduced by R. L. Griess 8 in order to construct some trilinear
w xform and some Jordan algebra. This loop also appeared in 2, 5 , and
w xseems to be originally considered in 3 .
7 Ž . w xThe first group constructed in this paper is 3 ? V 7, 3 : 2. In 10 , it was
Ž .proved that there exists at most one non-split extension of V 7, 3 by its
natural module. Such a group is realized as a maximal subgroup of
w xFischer's largest 3-transposition group F . This observation is found in 7 .24
Our construction is independent of the Fischer group. Moreover we want
to emphasize that the non-splitness is easily verified by using a property of
the Moufang loop, which is presented as Lemma 1.2 in Section 1. On the
other hand, the function w defined in Section 3.1 is very important for our
Ž* This research was partially supported by the Grant-in-Aid for Scientific Research No.
.09440006 , the Ministry of Education, Science and Culture, Japan.
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construction. But the author does not have an answer for the question,
7 Ž .``What is this?'' The author knows only the fact that 3 ? V 7, 3 : 2 can be
constructed by using w, and would like to know if another application of
this function w exists.
Ž .The second group is 3 ? V 7, 3 : 2, which is the full automorphism group
of the 27 = 2-dimensional nonassociative commutative algebra known as
Ž . w xthe Conway]Norton algebra for V 7, 3 . S. D. Smith 12 constructed this
algebra by using a permutation representation on some conjugacy class of
Ž . w xinvolutions of 3 ? V 7, 3 : 2, and the author 9 gave explicit structure
constants with respect to some basis and determined the full automor-
phism group of this algebra. We will give another description of this
algebra by using the Moufang loop, and we will prove the extension
Ž . w x3 ? V 7, 3 : 2 is non-split. We note that V. P. Burichenko 4 also consid-
Ž . 2 Ž .ered this group and deduced 3 ? V 7, 3 ; 3 ? E 2 , which is also men-6
tioned in the Appendix.
1. SOME MOUFANG LOOP
We consider a 3-dimensional vector space F3 over the 3-element field3
Ž . Ž . 3 Ž .F . For x s x , x , x , y s y , y , y g F , we define g x, y g F by3 1 2 3 1 2 3 3 3
g x , y [ x y y x y y x y .Ž . Ž . Ž .1 1 2 3 3 2
Then we have the following.
Ž . Ž . Ž .LEMMA 1.1. 1 g x, y s g y, x .
x
Ž . Ž . Ž . Ž . Ž .2 g x, y q g x q y, z y g y, z y g x, y q z s det .yž /z
Ž . Ž . Ž . Ž . Ž . Ž .3 g x, y q g x, z q g x q y, x q z s g y, z q g x, y q z q
Ž .g x, x q y q z .
Ž .By using g x, y , we define a Moufang loop and a 3-transposition group.
We set M s F3 = F , and define a binary operation M = M “ M by3 3
x , a ? y , b s x q y , a q b q g x , y .Ž . Ž . Ž .Ž .
Ž . Ž .Then the element 0, 0 is the unit of M , and the inverse of x, a
Ž . Ž . Ž . Ž .is yx, ya . By Lemma 1.1 1 , the commutative law x, a ? y, b s
Ž . Ž .y, b ? x, a holds. The associative law does not hold, but by Lemma
Ž .1.1 3 , we have
x , a ? y , b ? z , g ? x , aŽ . Ž . Ž . Ž .Ž . Ž .
s x , a ? y , b ? z , g ? x , a ,Ž . Ž . Ž . Ž .Ž .Ž .
and thus M is a commutative Moufang loop.
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Ž .Next, for each x, a g M , we define a permutation t on M byŽ x, a .
y1 y1t y , b s x , a y , bŽ . Ž . Ž .Ž x , a .
s yx y y , ya y b y g x , y .Ž .Ž .
Then we have
t tŽ x , a . s t ,Ž y , b . t Ž y , b .4Ž x , a .
each element of t is of order 2, and the product of distinct two elementsM
is of order 3. Hence t is a conjugacy class of 3-transpositions of the groupM
² :t , and contains 81 elements, which do not commute with each other. AM
w xgeneral theory is found in 11 .
The following is a key lemma of this paper, which is used in the proof of
the non-splitness.
x 1
y 12 4 Ž .LEMMA 1.2. t t t u, d s u , det q d .Ž x, a . Ž y, b . Ž z, g . z 1 0 0
u 1
Proof. The left-hand side is equal to
u , g z , u y g y , yz y u q g x , yy q z q uŽ . Ž . Ž .Ž
yg z , yx q y y z y u q g y , x y y q u y g x , yx y u q dŽ . Ž . Ž . .
by definition. By direct computations, Lemma 1.2 is verified.
Ž .2. THE ORTHOGONAL GROUP V 7, 3 : 2
Let V be a 7-dimensional vector space over 3-element field F , and3
² : ² :define the symmetric bilinear form ? , ? by x, y s x y q ??? qx y1 1 7 7
Ž . Ž .for x s x , . . . , x , y s y , . . . , y . For x g V, we define the reflection1 7 1 7
r with respect to x byx
² :2 x , y
r y [ y y x .Ž .x ² :x , x
 4We note that r s r if and only if y g x, yx . We define the group G byx y
² ² : :G [ r N x g V , x , x s y1 .x
Then the commutator subgroup G9 is a simple group, which is usually
Ž . Ž . < <denoted by V 7, 3 or O 3 . Moreover G satisfies G : G9 s 2, and its7
Ž .center is trivial group. We write the structure of G as G ( V 7, 3 : 2.
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Set
y ² : 4V s x g V N x , x s y1 .
The condition x g Vy means that the number of non-zero entry of x is 2
² :or 5. Hence the number of the vectors with x, x s y1 is
7 72 5= 2 q = 2 s 756 s 378 = 2.ž / ž /2 5
We set
² :C s r N x g V , x , x s y1 . 4x
< <Then C s 378, and the set C is a conjugacy class of 3-transpositions of
G, that is,
1 if x s "y¡~ ² :< < 2 if x , y s 0r r sx y ¢ ² :3 if x , y / 0, x / "y.
Remark 2.1. The general orthogonal group is isomorphic to G =
² : ² ² : : ² :yI , and it is known that r N x g V, x, x s 1 s G9 = yI . Wex
note yI f G.
Remark 2.2. It is well known that the order of the Schur multiplier of
Ž . Ž .V 7, 3 is 6, and the order of the outer automorphism group of V 7, 3 is 2.
Ž .Hence the structure of a non-split extension 3 ? V 7, 3 : 2 is uniquely
Ž .determined up to isomorphism. This extension is obtained as Aut B, t
which is described in Section 4. In particular, its outer involution inverts
Ž Ž ..the center of its commutator subgroup ( 3 ? V 7, 3 .
7 Ž .3. THE NON-SPLIT EXTENSION 3 ? V 7, 3 : 2
3.1. The function w
We define a function w, which plays an important role in our construc-
7 Ž . ytion for 3 ? V 7, 3 : 2. For x, y g V ,
² :0 if x , y s 0,
w x , y [Ž . ² :Ł x Ł y if x , y / 0.½ y s0 i y / 0 ji j
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EXAMPLE 3.1. We will give some examples of the computation of w. Set
x s 1, 1, 1, 1, 1, 0, 0 , y s 1, 1, 1, 0, 0, 1, 1 , z s 1, 0, 0, 1, 1, 1, 1 ,Ž . Ž .Ž .
where 1 denotes y1. Then we have
² : ² : ² :z s r y , x , y s y1, y , z s z , x s 1,Ž .x
and
w x , y s w y , x s 1Ž . Ž .
w y , z s yw z , y s y1Ž . Ž .
w z , x s yw x , z s 1.Ž . Ž .
Remark 3.2. The value of w is invariant under the permutations on the
coordinate of the vectors, and the changes of the signatures of even
number of entries. These actions generate the group isomorphic to the
Ž .Weyl group W D , which is a subgroup of G. We will call these actions7
Ž .the W D -action.7
LEMMA 3.3. Let x, y be ¤ectors in Vy.
Ž . Ž .1 If the number of non-zero entries of x is equal to 2, then w x, y s 0
for each y.
Ž . Ž . Ž . Ž . ² : Ž .2 w x, y s w yx, y s yw x, yy s y x, y w y, x .
Ž . Ž . Ž Ž .. Ž Ž ..3 w x, y s yw x, r y s yw y, r x .x y
Ž . Ž . ² :Proof. 1 We may assume x s 1, 1, 0, 0, 0, 0, 0 and x, y / 0. Set
Ž .y s y , . . . , y , and suppose1 7
w x , y s x y / 0.Ž . Ł Łi j
y s0 y /0i j
Hence we have y , . . . , y / 0, and so y s y s 0 because the number of3 7 1 2
² :non-zero entries is 2 or 5. This means x, y s 0, a contradiction.
Ž . Ž . Ž .2 , 3 . We may assume w x, y / 0 and the number of non-zero
Ž . Ž .entries of x is 5 by 1 . Furthermore by using the W D -action, we may7
Ž .assume x s 1, 1, 1, 1, 1, 0, 0 , and y is one of the vectors
1, 1, 1, 0, 0, 1, 1 , 1, 1, 1, 0, 0, 1, 1 .Ž . Ž .
Then the statements of the lemma are verified by direct calculations. See
Example 3.1.
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y ² : ² : ² :LEMMA 3.4. Let x, y, z g V with x, y s y, z s y1, and x, z
s 0. Then we ha¤e
w x , y q w x q y , z s w y , z q w x , y q z .Ž . Ž . Ž . Ž .
Ž . Ž . Ž .Proof. We may assume w x, y / 0 or w x q y, z / 0. If w x q y, z
Ž ./ 0, then set x9 s x q y, y9 s z, z9 s y y q z . By using Lemma 3.3, we
have
w x9, y9 s w x q y , z ,Ž . Ž .
w x9 q y9, z9 s w z9, x9 q y9 s w y y q z , r xŽ . Ž . Ž . Ž .Ž .yqz
s yw x , y q z ,Ž .
w x9, y9 q z9 s w y9 q z9, x9 s w yy , r x s yw x , y ,Ž . Ž . Ž . Ž .Ž .y
w y9, z9 s w z , yr z s w y , zŽ . Ž . Ž .Ž .y
and the equation of the lemma is equivalent to
w x9, y9 q w x9 q y9, z9 s w y9, z9 q w x9, y9 q z9 .Ž . Ž . Ž . Ž .
Ž .Hence we may assume w x, y / 0. So we assume
x s 1, 1, 1, 1, 1, 0, 0 , y s 1, 1, 1, 0, 0, 1, " 1 .Ž . Ž .
Ž . Ž .Let y s 1, 1, 1, 0, 0, 1, 1 , and z s z , . . . , z . Then the equation is equiv-1 7
alent to
z z q z z q z z q z q z s 0.2 3 4 5 6 7 6 7
We can easily verify this equation for 81 possibilities for z satisfying the
Ž .assumption of the lemma. For examploe, let z s 0, 1, 1, 1, 1, 1, 0 . Then
Ž . Ž . Ž .1 = y1 q y1 = 1 q y1 = 0 y 1 q 0 s 0. Similarly we have the de-
Ž .sired equation for the case y s 1, 1, 1, 0, 0, 1, 1 .
7 Ž .3.2. Construction of 3 ? V 7, 3 : 2
We consider the set Vy= F , and define an equivalence relation ; by3
x , a ; yx , yaŽ . Ž .
for x g Vy, a g F . We set3
D [ Vy= F r; .Ž .3
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In this section, we will define a permutation group G* on D. The set D is
also an index set of the generators of G*. On the other hand, we will not
consider the set Vy= F in the remainder of this article. So we will use the3
Ž .symbol x, a to denote, for simplicity, the element of D. Hence, by
Ž . Ž .definition yx, ya s x, a .
Ž .For each x, a g D, we define the permutation on D by
Ž .p x , a ² :p x , a : y , b ‹ y , b [ r y , w x , y y x , y a q b .Ž . Ž . Ž . Ž . Ž .Ž .x
Ž . Ž . Ž .Here we note that p x, a is well-defined, that is, p yx, ya s p x, a .
In fact,
Ž .p yx , ya ² :y , b s r y , w yx , y y y x , y ya q bŽ . Ž . Ž . Ž .Ž .yx
Ž .p x , as y , b .Ž .
Ž .LEMMA 3.5. p x, a is of order 2.
Proof. We have
2 Ž .p x , aŽ .p x , a ² :y , b s r y , w x , y y x , y a q bŽ . Ž . Ž .Ž .x
2 ² :s r y , w x , r y y x , r y aŽ . Ž . Ž .Ž .Ž x x x
² :qw x , y y x , y a q bŽ . .
s y , b ,Ž .
Ž Ž .. Ž . ² Ž .: ²since w x, r y q w x, y s 0 by Lemma 3.3, and x, r y s x, y yx x
² : : ² : ² : ² :x, y x s x, y q x, y s y x, y .
Ž . Ž .LEMMA 3.6. For x, a , y, b g D, we ha¤e
² :y , b if x , y s 0Ž . Ž .Ž .p x , ay , b s .Ž . Ž .p y , b½ ² :x , a if x , y / 0Ž . Ž .
² :Proof. If x, y s 0, then the statement is trivial. We may assume
² :x, y s y1. Then
Ž .p x , ay , b s r y , w x , y q a q b ,Ž . Ž . Ž .Ž .x
and
Ž .p y , bx , a s r x , w y , x q b q aŽ . Ž . Ž .Ž .y
s r y , w x , y q b q a ,Ž . Ž .Ž .x
as required.
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We define the groupo G* by
² :G* [ p x , a N x , a g DŽ . Ž .
as a permutation group on D.
7 Ž .THEOREM 3.7. G* ( 3 ? G non-split .
We will prove this by the following steps.
Step 1. G* contains an elementary abelian normal subgroup X of
order 37 with G*rX ( G.
Step 2. G* is non-split.
3.3. Step 1 of the proof of Theorem 3.7
Ž .For ¤ g V, we define the permutation D ¤ on D by
² :D ¤ : y , b ‹ y , b q y , ¤ ,Ž . Ž . Ž .
and we set
² :X [ D ¤ N ¤ g V .Ž .
Then we have
D ¤ D u s D ¤ q u ,Ž . Ž . Ž .
and so the group X is isomorphic to the additive group V. In particular,
ths group is an elementary abelian group of order 37.
Ž .LEMMA 3.8. For each x, a g D, we ha¤e
D x s p x , a p x , a q 1 .Ž . Ž . Ž .
Ž . Ž .In particular, X is a subgroup of G* generated by p x, a p x, a q 1 ,
Ž .x, a g D.
Proof. We have
Ž .Ž . Ž . p x , aq1p x , a p x , aq1 ² :y , b s r y , w x , y y x , y a q bŽ . Ž . Ž .Ž .x
2 ² :s r y , w x , r y y x , r y a q 1Ž . Ž . Ž . Ž .Ž .Ž x x x
² :qw x , y y x , y a q bŽ . .
² :s y , y x , r y q bŽ .Ž .x
² :s y , x , y q b ,Ž .
as required.
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The following lemma is the main part of Step 1. We will prove this in
Section 3.4.
Ž . pŽ x, a . ŽŽ . pŽ x, a ..LEMMA 3.9. p y, b s p y, b .
Ž . Ž .DŽ y . Ž ² :.LEMMA 3.10. 1 p x, a s p x, a q x, y .
Ž . Ž . pŽ x, a . Ž Ž ..2 D y s D r y .x
Ž . Ž .Proof. 1 This is an easy consequence of Lemma 3.9. 2 We may
² :assume x, y s y1. Then, by using Lemma 3.9, we have
Ž .Ž . p x , ap x , a
D y s p y , 0 p y , 1 4Ž . Ž . Ž .
s p x q y , w x q y q a p x q y , w x q y q a q 1Ž . Ž .Ž . Ž .
s D x q y s D r y ,Ž . Ž .Ž .x
as required.
 Ž . Ž . 4LEMMA 3.11. p x, a N x, a g D is a conjugacy class of 3-transposi-
tions. Moreo¤er X is a normal subgroup of G* with G*rX ( G.
² : Ž . pŽ x, a . Ž .Proof. If x, y s 0, then we have p y, b s p y, b , and so
< Ž . Ž . < ² :p x, a p y, b s 2. If x, y / 0, then by Lemma 3.9 and Lemma 3.6 we
have
Ž . Ž . Ž . Ž .p x , a p x , a p y , b p y , bp y , b s p y , b s p x , a s p x , a .Ž . Ž . Ž . Ž .Ž . Ž .
< Ž . Ž . <Hence p x, a p y, b s 3.
By Lemma 3.10, X is a normal subgroup and is isomorphic to V, as
Ž .shown before. Lemma 3.10 also means that each p x, a acts on X as the
reflection r in G, and this action does not depend on a . Hence G* actsx
on X as a subgroup of the general orthogonal group on V, and thus
Ž . Ž .G*rC X ( G. Set G [ G*rC X and G [ G*rX. Then G is aG* 1 G* 2 1
factor group of G . Since each G is generated by 3-transpositions, and the2 i
Ž .number of 3-transpositions coincides with each other, we have C X rXG*
Ž .s Z G by general theory for 3-transposition groups.2
Ž . ² Ž .:For an arbitrary element p x, a , the subgroup p x, a G*0 contains
Ž .ŽŽ . . Ž .all the generators p x, a x, a g D of G*, since G*0 involves V 7, 3
w xand contains X. Hence we have G* : G*9 s 2 and G*9 s G*0 and thus
w X x X Y XG : G s 2 and G s G . In particular G is a perfect central exten-2 2 2 2 2
sion.
y Ž . Ž .For ¤ g V , let D ¤ be the set of all X-conjugates of p ¤ , 0 . Then by
Ž . Ž .  Ž . 4 Ž .Lemmna 3.10 1 , we have D ¤ s p ¤ , a N a g F . Let a g C X _ X.3 G*
Ž .Then a acts on the 3-element set D ¤ for each ¤ . Since a commutes with
Ž . Ž .Ž . Ž .p ¤ , a p ¤ , a q 1 g X , the action of a on D ¤ is trivial or a 3-cycle.
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Hence a3 acts trivially on D, and thus a is of order 3. Since GX is perfect,2
Ž .G is a non-split extension of the form 3 ? V 7, 3 : 2 with the property2
< Ž . <Z G s 3. By Remark 2.2, this is impossible.2
Ž .Hence we have C X s X as required.G*
3.4. Proof of Lemma 3.9
We must prove
Ž . pŽ x , a . ŽŽ . pŽ x , a ..p y , b p y , bz , g s z , g . 1Ž . Ž . Ž .
² : Ž .Case 1. Suppose x, y s 0. Then the equation 1 is equivalent to
Ž . Ž . Ž . Ž .p y , b p x , a p x , a p y , bz , g s z , g . 2Ž . Ž . Ž .
² : ² : Ž .If x, z s 0 or y, z s 0, then 2 is easily verified. Hence we may
² : ² : Ž . Ž .assume x, z / 0, y, z / 0. By changing x resp. y into yx resp. yy
² : ² : Ž .if necessary, we may assume x, z s y, z s y1. Then 2 means
w x , z q w y , x q z s w y , z q w x , y q z , 3Ž . Ž . Ž . Ž . Ž .
which is already shown as Lemma 3.4.
² : ² :Case 2. Suppose x, y / 0. Then we may assume x, y s y1. The
Ž .equation 1 is equivalent to
Ž . Ž . Ž . Ž Ž . .p x , a p y , b p x , a p xqy , w x , y qaqbz , g s z , g .Ž . Ž .
This means
w x , r r z q w y , r z q w x , zŽ . Ž . Ž .Ž .Ž .y x x
² :s w x q y , z y x q y , z w x , y q z . 4Ž . Ž . Ž .
Ž . ² : ² : Ž .Case 2 a . If x, z s y, z s 0, then 4 is easy.
Ž . ² : ² :Case 2 b . If just one of x, z , y, z is equal to zero, we may assume
² : ² : ² : ² :x, z s 0, y, z s y1 or x, z s y1, y, z s 0. Then it is easily seen
Ž . Ž .that 4 is equivalent to 3 .
² : ² :Now we may assume both of x, z , y, z are not equal to zero.
Ž . ² : ² : ² : ² :Case 2 c . If x, z / y, z , we may assume x, z s y1 and y, z
² Ž .: Ž Ž Ž .. . Ž .s 1. Then we have x, r r z s 0 hence w x, r r z s 0 and 4 isy x y x
easily verified.
Ž . ² : ² :Case 2 d . Finally we suppose that x, z s y, z s y1. Then x y y,
x y z g V span a 2-dimensional totally isotropic subspace. Let W be a
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Ž . ² :3-dim. maximal totally isotropic subspace containing x y y, x y z . By
Ž .using the W D -action, we may assume W is spanned by7
a s 1, 1, 1, 0, 0, 0, 0 , b s 0, 0, 0, 1, 1, 1, 0 , c s 0, 0, 0, 0, 1, 1, 1 ,Ž . Ž . Ž .
Ž .and assume x s 1, 1, 0, 0, 0, 0, 0 , y s x q a, z s x q b. Then we have
² : ² :¤ g V N ¤ , ¤ s y1, ¤ , w s 0 ;w g W 4Ž .
 4s "x q w a q w b q w c N w g F .1 2 3 i 3
Now we use the function g defined in Section 1; that is, for w s w a q1
w b q w c, ¤ s ¤ a q ¤ b q ¤ c, we define2 3 1 2 3
g* w , ¤ [ g w , w , w , ¤ , ¤ , ¤ s w y ¤ w ¤ y w ¤ .Ž . Ž . Ž . Ž . Ž .Ž .1 2 3 1 2 3 1 1 2 3 3 2
Ž . Ž .LEMMA 3.12. w x q w, x q ¤ s g* w, ¤ for any w, ¤ g W. In particu-
lar, we ha¤e
Ž .p xqw , ax q ¤ , b s x y w y ¤ , yg* w , ¤ y a y b .Ž . Ž .Ž .
Proof. This lemma is deduced from direct computations. For example,
if
x q a q b s 1, 0, 1, 1, 1, 1, 0 , x q c s 1, 1, 0, 0, 1, 1, 1 .Ž . Ž .
Then we have
w x q a q b , x q c s 1,Ž .
and
g* a q b , c s 1 y 0 1 = 1 y 0 = 0 s 1,Ž . Ž . Ž .
as required.
Ž .By Lemma 3.12, the equation 4 is equivalent to
g* 0, a q b q g* a, b q g* 0, b s g* a, b q g* 0, a q b ,Ž . Ž . Ž . Ž . Ž .
Ž . Ž .which is trivial because g* 0, a q b s g* 0, b s 0.
Hence the proof of Lemma 3.9 is completed.
Ž .3.5. The non-splitness of G* Step 2
We use the same notation W, a, b, c, x as in Lemma 3.12. Let w s w a1
q w b q w c, ¤ s ¤ a q ¤ b q ¤ c, u s u a q u b q u c, and t s t a q2 3 1 2 3 1 2 3 1
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t b q t c. Then, by using Lemma 3.12 and Lemma 1.2, we have2 3
w w w 11 2 3
¤ ¤ ¤ 12 1 2 3 pŽw , a . pŽ¤ , b . pŽu, g .4Ž .LEMMA 3.13. t, d s t , q d .
u u u 11 2 3 0t t t 11 2 3
This shows the non-splitness of G*. In fact, if there exists a complement K,
Ž . ² :then K contains just one of p x, a , a s 0, 1, y1 for each x with x, x s
y1. Lemma 3.13 implies that it is impossible.
Ž .4. THE NON-SPLIT EXTENSION 3 ? V 7, 3 : 2
Ž .4.1. The Conway]Norton algebra for V 7, 3
Ž . Ž .The group non-split extension 3 ? V 7, 3 : 2 is obtained as the full
automorphism group of the 27 = 2-dimensional Conway]Norton algebra.
Ž .Here we will recall the Conway]Norton algebra for V 7, 3 constructed in
w Ž .x9, 4.4 .
Ž .We consider 27 = 2 symbols a , b , c , a , b , c 1 F i / j F 6 , andi i i j i i i j
define a vector space B over C which is spanned by these symbols;
B s U [ U,
² : ² :U s a , b , c , U s a , b , c .i i i j i i i j
We define a symmetric bilinear map t : B = B “ B by
t a , a s 2 aŽ .i i i
t b , b s 2bŽ .i i i
t a , a s t b , b s t a , b s 0Ž . Ž .Ž .i j i j i i
t a , b s cŽ .i j i j
t a , c s bŽ .i i j j 5Ž .
t b , c s aŽ .i i j j
t c , c s 2cŽ .i j i j i j
t c , c s 0Ž .i j i k
t c , c s c ,Ž .i j k l s t
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Ž .where the letters i, j, k, l, s, and t are mutually distinct. Moreover t U, U
 4  4 Ž .is defined by changing of the roles of a, b, c and a, b, c , and t U, U s 0.
Then the full automorphism group
Aut B , t s a g GL B N a t ¤ , u s t a ¤ , a u 4Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž .is isomorphic to the non-split group 3 ? V 7, 3 : 2.
Ž .4.2. A construction of B, t
Ž .In this section, we give a new definition of the algebra for V 7, 3 , by
Ž .using the function g x, y .
3Ž .We consider the symbols ¤ , ¤ x g F , which are indexed by thex x 3
vectors of F3, and define a 27 = 2-dimensional vector space B* over C3
spanned by these symbols; that is,
B* s C¤ [ C¤ .Ž .[ x x
3xgF3
Next we define the symmetric bilinear form t *: B* = B* “ B* by
g Ž x , y.t * ¤ , ¤ s v ¤Ž .x y Žyxyy.
2 g Ž x , y .t * ¤ , ¤ s v ¤Ž .x y Žyxyy . 6Ž .
t * ¤ , ¤ s 0Ž .x y
3 'for all x, y g F . Here v denotes a cubic root of unity, y1 q y 3 r2.3
Then we have the following theorem.
Ž . Ž .THEOREM 4.1. B, t ( B*, t * .
Proof. This isomorphism is easily obtained by the following exchange of
basis. In the following table, we denote y1 by 1.
¤ s a q b q c , ¤ s a q b q c , ¤ s c q c q c ,Ž000. 1 2 12 Ž001. 4 5 45 Ž001. 15 24 36
¤ s a q b q c , ¤ s a q b q c , ¤ s c q c q c ,Ž010. 2 3 23 Ž011. 5 6 56 Ž011. 14 26 35
¤ s a q b q c , ¤ s a q b q c , ¤ s c q c q c ,Ž010. 3 1 13 Ž011. 6 4 46 Ž011. 16 25 34
2 2 2¤ s v a q v b q c , ¤ s v a q v b q c , ¤ s v c q v c q c ,Ž100. 1 2 12 Ž101. 4 5 45 Ž101. 15 24 36
2 2 2¤ s a q v b q v c , ¤ s v a q v b q c , ¤ s v c q v c q c ,Ž110. 2 3 23 Ž111. 5 6 56 Ž111. 14 26 35
2 2 2¤ s v a q b q v c , ¤ s v a q v b q c , ¤ s v c q v c q c ,Ž110. 3 1 13 Ž111. 6 4 46 Ž111. 16 25 34
2 2 2¤ s v a q v b q c , ¤ s v a q v b q c , ¤ s v c q v c q c ,Ž100. 1 2 12 Ž101. 4 5 45 Ž101. 15 24 36
2 2 2¤ s a q v b q v c , ¤ s v a q v b q c , ¤ s v c q v c q c ,Ž110. 2 3 23 Ž111. 5 6 56 Ž111. 14 26 35
2 2 2¤ s v a q b q v c , ¤ s v a q v b q c 6, ¤ s v c q v c q c .Ž110. 3 1 13 Ž111. 6 4 4 Ž111. 16 25 34
Ž .Furthermore the vectors ¤ ijk are defined by changing a, b, c into a, b, cL
and the coefficients into their complex conjugates. Now it is not difficult to
Ž .show the equation 6 .
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Ž .4.3. Non-splittness of Aut B, t
We denote by z a generator of the center of the commutator subgroup
Ž . Ž Ž ..Aut B, t 9 ( 3 ? V 7, 3 . We may assume z acts on U as a scalar v
'Ž .s y1 q y 3 r2 .
Ž . ² : ² :Let D be a class of involutions in Aut B, t such that D z r z is a
Ž . ² :class of 3-transpositions in Aut B, t r z . There exist injective maps r :
Ž Ž .. Ž Ž .. Ž Ž .. Ž Ž ..D “ U, r : D “ U satisfying s r d s r s d , s r d s r s d for
Ž .each d g D, s g Aut B, t . The existence of r, r was a key point of
Ž . w xSmith's construction of B, t 12 . Vectors in the images of r, r are called
w x Ž .D-vectors. By 12 , for d, e g D d / e , we have
3e et r d , r e s r d , t r d , r e s r d if de s 1 ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
t r d , r e s r d q r e , t r d , r e s r d q r eŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
2if de s 1 .Ž .Ž .
z 2Ž . Ž . Ž . Ž .We note that zd s d and so r zd s vr d , r zd s v r d .
w Ž .x Ž 3.By 9, 4.5 , the vectors ¤ x g F in the previous section are D-vec-x 3
3 Ž .tors. For each x g F , we denote by d the element of D with r d s ¤3 x x x
3Ž Ž . .and then r d s ¤ . For any distinct elements x, y g F , it is easily seenx x 3
Ž .that t ¤ , ¤ / ¤ q ¤ . Hence d and d do not commute, and thex y x y x y
Ž .equation 6 means
Ž .d g Ž x , y .yd s z d .Ž .x Žyxyy .
Hence by Lemma 1.2, we have
Ž .2d d d «y z wd s z d ,Ž .x x
where
x 1
y 1
« s det .
z 1 0
u 1
Hence the non-splitness is shown by an argument similar to that in Sec-
tion 3.5.
APPENDIX: THE DICKSON TRILINEAR FORM
In this appendix, we consider the Conway]Norton algebra modulo 2 and
compare it with the Dickson trilinear form.
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Ž . Ž .Let B, t be the Conway]Norton algebra for V 7, 3 , whose structure
Ž . Ž .constants are given in 5 of Section 4.1. We consider the group Aut B, t 9
w xwhose generators are given in 9 . Indeed this group is generated by the
following elements. We will describe their actions on U. The actions of U
are defined by changing the coefficients into their complex conjugates.
Ž .  41 The permutations on indices 1, . . . , 6 of a , b , c , and anotheri i i j
 4  4permutation a l c , b l c for i, j, k, l, m, n s 1, 2, . . . , 6 .i jk l m n
Ž . 2 si 2 si2 The diagonal automorphisms a ‹ v a , b ‹ v b , c ‹i i i i i j
s iqs j Ž . 6 Ž .v c for s , . . . , s g Z with s q s q ??? qs ’ 0 mod 3 .i j 1 6 1 2 6
1Ž .3 An automorphism constructed from a 6 = 6 matrix I y J, where3
J is the all-1 matrix.
Ž . Ž . ŽWe remark that monomial automorphisms 1 and 2 generate a maxi-
. 5 Ž . Ž Ž . yŽ .mal parabolic subgroup isomorphic to 3 : W E , W E ( V 6, 2 : 26 6
Ž . . Ž .( V 5, 3 : 2 . We will describe the action of the element 3 more pre-
tŽ . tŽ .cisely. Set e s 1, 0, 0, 0, 0, 0 , . . . , e s 0, 0, 0, 0, 0, 1 , and let E be a1 6
vector space over C spanned by e , . . . , e . Moreover we consider the1 6
12Ž . Žsymmetric tensor space S E , which is spanned by e m e , e m e qi i i j2
1 2. Ž . Ž .e m e i / j . Then the action of the matrix I y J on E [ S E isj i 3
2Ž .naturally determined. We identify the space E [ S E and U by
1e s a y b , e m e s a q b , e m e q e m e s c .Ž .i i i i i i i i j j i i j2
1Then the action of I y J on U is given by3
61
a ‹ 5a q 2 a y b q c q c ,Ý Ý Ý Ýi i j i i l m n½ 59 j/i js1 l/i m , n/i
61
b ‹ 5b q 2b y a q c q c ,Ý Ý Ý Ýi i j i i l m n½ 59 j/i js1 l/i m , n/i
1
c ‹ y2 a q b q a q b q 5cŽ .i j i i j j i j½9
q 2c y c q c .Ž .Ý Ým n ik jk 5
m , n/i , j k/i , j
1w xHence the coefficients of these actions are contained in R [ Z v, . Of3
Ž .course the structure constants of the algebra B, t are also contained in
this ring. Hence we regard that B is R-module. Then by modulo 2, B
Ž .becomes a vector space over F ( Rr2 R. We denote the algebra B, t4
Ž . Ž . Ž . Žmod 2 by B , t and set B s U [ U , and U resp. U is the v resp.2 2 2 2 2 2 2
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2 .  24 Ž .v eigenspace of z, where F s 0, 1, v, v . Then naturally Aut B, t 94
Ž . Ž .acts on B , t , and the space U resp. U is stable by this action.2 2 2 2
The Dickson trilinear form f on U can be defined in a way similar to2
Ž . Žw x.the definition of t * in the equation 6 8 . Namely we define
v g Ž x , y . if z s y x q yŽ .Ž .
f ¤ , ¤ , ¤ [ ,Ž .x y z ½ 0 if z / y x q yŽ .Ž .
where ¤ , ¤ , ¤ g U .x y z 2
The exchange of basis in Section 4.2 gives an isomorphism between this
w xdefinition and the ordinary definition 6, 1 . Indeed,
f a , b , c s 1,Ž .s t st
 4  4f c , c , c s 1 i , j, k , l , m , n s 1, 2, 3, 4, 5, 6 ,Ž . Ž .i j k l m n
and the values of f for other combinations of basis elements are zero. It is
Ž . Ž . Žw x.known that Aut U , f s 3 ? E 2 .2 1 .2 6
w x Ž . ² :By 12 , Aut B, t preserves the symmetric bilinear form ? , ? defined
by
² : ² : ² :a , a s b , b s c , c s 1, 7Ž .i i i i i j i j
and the values of the form for the other combinations of basis elements
are zero. We deifne a trilinear form on U by2
² :f * u , ¤ , w [ u , t ¤ , w .Ž . Ž .
Ž .The group Aut B, t 9 preserves f *.
We can easily verify that f * s f. In fact,
² :f * a , b , c s a , t b , cŽ . Ž .i j i j i j i j
² :s a , ai i
s 1,
² :f * c , c , c s c , t c , cŽ . Ž .i j k l m n i j k l m n
² :s c , ci j i j
s 1.
We note that
f * a , a , a s f * b , b , b s f * c , c , c s 2 s 0,Ž . Ž . Ž .i i i i i i i j i j i j
since we consider f * on F .4
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Ž .We will show that the group Aut B, t 9 also preserves some hermitian
form on U . Let u : F “ F be a field automorphism of order 2, that is,2 4 4
Ž . 2u v s v . We will denote by the same symbol the complex conjugate on
w x Ž .Z v . Let M s be a representation matrix on U of some element s of2
Ž . Ž Ž ..Aut B, t 9, then s acts on U by u M s . This fact is proved as an2
Ž .R-module, and so it holds as an F -vector space. Since Aut B, t 9 preserves4
Ž .the symmetric form 7 , we have
² : ² :M s u , u M s ¤ s u , ¤ 8Ž . Ž . Ž .Ž .
for any u g U , ¤ g U .2 2
Let u *: U “ U be a map defined by2 2
a a q b b q g c ‹ u a a q u b b q u g c ,Ž . Ž . Ž .Ý Ý Ý Ý Ý Ýi j i j i j i j
and h: U = U “ F be a map defined by2 2 4
² :h u , ¤ [ u , u * ¤ .Ž . Ž .
Then we have that h is a hermitian form on U which is stable by2
Ž . Ž .Aut B, t 9. In fact, by 8
² :h M s u , M s ¤ s M s u , u * M s ¤Ž . Ž . Ž . Ž .Ž . Ž .
² :s M s u , u * M s u * ¤Ž . Ž . Ž .Ž .
² :s u , u * ¤Ž .
s h u , ¤ .Ž .
w xBy 1 ,
Aut U , h l Aut U , u s 3 ?2E 2 .Ž . Ž . Ž .2 2 6
This shows that
3 ? V 7, 3 ; 3 ?2E 2Ž . Ž .6
w xas is shown in 4 .
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